We address the topological properties of one-dimensional plasmonic superlattices composed of alternating metallic and dielectric layers. We reveal that the Zak phase of such plasmonic lattices is determined by the sign of the spatial average of their permittivity,ε, and as such the topology and their associated interfacial (edge) states are extremely robust against structural disorder. Our study shows that the topologically protected interfacial modes occurring at the interface between two plasmonic lattices with opposite signs ofε can be viewed as the generalization of the conventional surface plasmon polaritons existing at metallicdielectric interfaces. The nontrivial topological properties of matter have been attracting increasing interest in condensed matter physics, as the theory of band topology explains a series of striking phenomena like the quantum Hall effect [1] [2] [3] and topological insulators [4] [5] [6] [7] [8] . Starting from the duality between their mathematical description, similar concepts and ideas have been introduced into the realm of optics, and nontrivial topological effects have been demonstrated across a variety of optical systems [9] . Perhaps the simplest optically topological structure is analogous to the celebrated Su-Schrieffer-Heeger (SSH) model for polyacetylene [10] , in which a chain of sites with alternating signs of the coupling constant exhibits two topologically distinct phases and topologically protected interfacial modes exist at the interface between two topologically distinct chains. Realization of the SSH model in photonic systems includes dimerized dielectric waveguides [11] and dielectric nanoparticles [12] , as well as metallic nanodisks [13] . Furthermore, edge states between coupled plasmonic waveguides described by the SSH model have been investigated in graphene [14] and plasmonic waveguide arrays [15] . These structures are optically discrete, thus they closely mimic the original SSH model. On the other hand, topological properties and associated edge states of one-dimensional (1D) photonic structures have also been investigated in continuous periodic systems, i.e., beyond the tight-binding approximation and other discrete models [16, 17] .
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All the topological properties of 1D structures mentioned above can be characterized by a single physical quantity, the so-called Zak phase [18] . This is a special kind of Berry phase, associated with 1D bulk bands. The characterization of the Zak phase of matter is of fundamental importance to the understanding of topology-related physical properties of condensed matter systems. Optics is emerging as an alternative platform to study such topology-induced phenomena, as in many cases it provides more suitable theoretical and experimental tools to explore them. In particular, specific ways to measure the Zak phase in optical systems have been proposed theoretically [19] and implemented experimentally by employing optical waveguide systems [20] [21] [22] [23] .
In this Letter, we focus on topological properties of 1D plasmonic superlattices composed of alternating metallic and dielectric layers. We reveal that the Zak phase of such superlattices is determined by the sign of the spatial average of the permittivity of the lattice,ε, such that lattices withε > 0 are topologically distinct from those withε < 0. Due to the fact that fully random structural perturbations of the superlattice that preserve the averaged values of the thickness of the constituent layers do not modify the value ofε and consequently its sign, the topology and the associated interfacial (edge) states of the plasmonic superlattices are found to be extremely robust against such perturbations. Our analysis reveals that the topologically protected modes at the interface between two superlattices with opposite signs of the average permittivity represent a conceptual generalization of the well-known surface plasmon polaritons (SPPs) formed at metal/dielectric interfaces.
Let us consider a 1D plasmonic superlattice composed of alternating layers of metallic and dielectric materials stacked along the x-axis, as depicted in Fig. 1(a) . To be more specific, we assume that the metallic and dielectric layers are made of silver and silicon, respectively. At the wavelength of λ 1550 nm, the permittivity of dielectric (silicon) materials is ϵ d 12.25 and the complex permittivity of the metal (silver) is ϵ m −125.39 2.84i [24] . Since the imaginary part of the permittivity of the metal is very small as compared to its real part, the influence of the metal loss (heat dissipation) on the results are found to be negligible. Despite this, in the following analysis we have taken into account the small imaginary part of the permittivity of the metal, unless otherwise stated.
Considering the propagation along the z-axis of a TMpolarized optical beam (i.e., the only nonzero components of the electromagnetic fields are E x , E z , and H y ), one can readily find the photonic band structure of the superlattice by solving the following transcendental equation:
where k x is the Bloch wavevector, k z is the propagation
t d and t m are the thickness of dielectric and metallic layers, respectively, Λ t d t m is the period of the superlattice, and c is the light speed in vacuum. By fixing the frequency ω in Eq. (1), the dependence k z k z k x defines the photonic band structure (spatial dispersion relation) for that particular frequency [25] . The dependence of the band structure on the thickness of the metallic layer is shown in Fig. 1 (b) for a fixed thickness of the dielectric layer, t d 240 nm. Note that choosing a specific value for t d does not make our analysis less general. However, it should be mentioned that, in order for a two-band configuration to occur, as it is required in this study for reasons that will become apparent later, t d should be larger than a certain critical value (for example, for t m 25 nm, the minimum t d required is 199 nm). A known property of the band structure of plasmonic superlattices is that when the spatially averaged permittivity of the superlattice is zero, namely, whenε
0, a diabolical point (DP)-the 1D counterpart of Dirac points-appears at the center of Brillouin zone, k x 0 [25] [26] [27] . This property is illustrated in Figs. 1(b) and 1(c), as indeed for some specific value of t m (in the example shown in these plots, t m 23.45 nm), the conditionε 0 holds. Moreover, for this specific value of t m , the upper band touches the lower one in such a way that a DP is formed at k x ; k z 0; k
On the other hand, once the zero-average-permittivity condition is broken, namely, when eitherε > 0 orε < 0, the DP vanishes and a gap opens. Upon understanding this mechanism of formation of a DP, an interesting question arises, i.e., in the context of light wave interactions with such superlattices what are the differences between a superlattice withε > 0 and one withε < 0?
To answer this question, we study the topological properties of these superlattices by calculating the Zak phase of their bulk bands, defined by the following formula [18] :
where ψ n;k x is the periodic-in-cell part of the Bloch magnetic field eigenfunction of a state belonging to the nth band at k x , i.e., H y;n;k x x ψ n;k x x expik x x. The function ψ n;k x x can be obtained analytically using the transfer-matrix method [28] . The Zak phase depends on the choice of the origin, and here we choose this origin to be the center of the dielectric layer.
The outcome of the calculation of the Zak phase is shown in Fig. 1(d) . As expected, the value of θ z is binary valued, being equal to either 0 or π. Importantly, the Zak phase of the plasmonic superlattices is found to be solely dependent on the sign of the average permittivity, thus being independent of the particular geometry of the superlattice or the values of the permittivity of the layers. Specifically, it is equal to zero ifε > 0 and is equal to π whenε < 0. In other words, the topology of plasmonic superlattices is uniquely defined by the sign ofε, and structural transformations or geometrical fluctuations preserve the superlattice topology provided thatε does not change its sign. If, on the other hand, the plasmonic superlattice is structurally transformed in such a way thatε changes its sign after it passes through the zero point, as per Fig. 1(d) , θ z varies accordingly, leading to the modification of the topology of the superlattice. Note also that by changing the origin with respect to which the Zak phase is calculated the two constant values change. However, the same phase shift of π occurs whenε changes its sign.
The dependence of the topology of plasmonic superlattices on the sign ofε can be explained by the general topological band theory. As mentioned, a DP appears in the band structure of lattices whenε 0 and it vanishes (with a gap opening in the band structure) whenε becomes nonzero. Following the general topological band theory, which states that the topological phase of matter changes when a bandgap closes at a DP and then reopens when the system is further modified [4, 5] , we therefore expect that the topology of plasmonic superlattices is indeed characterized by the sign ofε and remains invariant as long as the sign ofε is preserved. Thus, a fundamental result of this analysis is that we can directly link in a simple way the topology of plasmonic superlattices to a single invariant parameter characterizing the plasmonic structure, namely, the sign of the average dielectric permittivity! This finding may have practical implications on the design and characterization of topologically functional devices implemented using plasmonic nanostructures. Equally important is that these ideas can potentially be extended to other 1D superlattices characterized by spatially averaged rather than local physical quantities, such as zero-n superlattices [29] [30] [31] . Our findings also imply that, if for instance graphene sheets are incorporated in superlattices, electrically or optically tunable topological nanodevices can be achieved thanks to the tunability of graphene [27] .
Consider now two adjacent, semi-infinite plasmonic superlattices, and let us investigate the possibility that localized states exist at the interface between superlattices. The two superlattices are designed to have different signs ofε by, for example, using different thicknesses of the metallic layers, as illustrated in Fig. 2(a) , or even setting t m 0 for one superlattice, which means that the superlattice becomes a pure dielectric medium [see Fig. 2(b) ]. Consistent with the bulk-edge correspondence principle, which states that localized zero-energy states exist at the interface between two insulators with distinct band topology, our mode analysis of such interfacial systems reveals that if two connected superlattices differ in their sign ofε, localized modes always appear at the interface separating the two superlattices. On the other hand, if the sign ofε for both superlattices is the same, their interface supports no localized modes. This is similar to the case of surface waves at the interface between two homogeneous and isotropic media, namely, such localized modes, called SPPs, exist only if the permittivities of the two media have opposite signs. Indeed, the field profile of the surface modes in Fig. 2 resembles that of SPPs, with the additional feature being the field oscillations in superlattices.
The above analysis is further corroborated by our direct beam propagation simulations. Specifically, we launched normally onto the interface a TM-polarized Gaussian beam of narrow width, w ≈ 3t d , and determined the electromagnetic field as it propagated into the superlattice. As expected, when the sign ofε in the two adjacent superlattices takes different values, a localized mode quickly forms at the interface while the extra energy of the input wave diffracts as radiative waves [see Figs. 3(a) and 3(b) ]. In contrast, when the sign ofε of the two adjacent superlattices is the same [negative in Fig. 3(c) and positive in Fig. 3(d) ], the input optical beam strongly diffracts without any signature of the formation of a surface mode being observed.
As the topology of plasmonic superlattices is determined by the sign of the averaged permittivity, one expects that the topology and the associated interfacial states are extremely robust against structural disorder. This is expected because a fully random perturbation of the structure that preserves the averaged values of the thickness of the constituent layers does not modify the spatially averaged dielectric permittivity or its sign. To test this conjecture, we consider two adjacent superlattices, as shown in Fig. 2 , but now introduce disorder into them by defining a random fluctuation of the thickness of the metallic components. Thus, the thickness of the nth Ag layer in each plasmonic lattice is set to t n m t m0 δ n , where t m0 is the average thickness, and δ n is a random value. We assume δ n to be uniformly distributed in the interval of −δ; δ, 0 < δ < t m0 . Hence, the level of disorder can be characterized by the parameter Δ ≡ δ∕t m0 . The spectra and field profile of the interface modes determined for increasing disorder strength, Δ, are shown in Fig. 4 .
It is known that incorporating disorder in a 1D lattice always leads to the formation of localized Anderson modes. Anderson modes strongly depend on the disorder strength, with their degree of spatial localization increasing with the disorder strength, Δ. The eigenvalue spectra of Anderson modes were statistically averaged over 50 randomly perturbed superlattice configurations, with the results presented in Fig. 4(a) . It shows that, as expected, the Bragg gap of the unperturbed lattices narrows as Δ increases [32] . In sharp contrast, the wave profile of the interfacial mode remains almost unchanged, even when the disorder strength increases to 80% and above, as shown in Figs. 4(b) and 4(c) . Furthermore, the eigenvalue k z (propagation constant) of the interfacial mode is unaffected by structural disorder. The interfacial mode is actually pinned at the photonic DP of the unperturbed superlattice withε 0, namely, the eigenvalue of the interfacial mode is given by k
. Note that this eigenvalue is equal to that of conventional SPPs formed at the interface between a semi-infinite metal and a semi-infinite dielectric medium [33] . Therefore, the topologically protected interface modes, localized at the interface between two superlattices characterized by different signs ofε, represent a natural generalization of the conventional SPPs. Compared to conventional SPPs, however, such generalized SPP waves obviously have more degrees of freedom, which makes them an appealing alternative to be employed in nanophotonic applications. For example, by properly choosing the parameters of the two superlattices, it could be possible to engineer and reduce the losses of topological SPPs below those of conventional SPPs.
In summary, we have studied the topological properties of plasmonic superlattices and revealed that their topology is determined by the sign of their spatially averaged dielectric permittivity. As such, their topology and the associated edge (interface) states are extremely robust against the structural random perturbations. Such topologically protected localized states at the interface between two superlattices with opposite signs of the average permittivity represent a natural generalization of the well-known SPPs supported by metal/dielectric interfaces. 
